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Subcomponents ψ
(2d)
4,1 and ψ
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Explicit analytic representation
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Abstract
The Fock expansion [1] describes the S-state wave function of the two-electron atomic system in
the vicinity of the triple coalescence point. The present work constitutes the additional appendix
to our paper [2] devoted to refinement and further development of calculation of the angular Fock
coefficients of the Fock expansion. We derive the explicit analytic expressions for the complicated
subcomponents ψ
(2d)
4,1 and ψ
(2c)
3,0 of the angular Fock coefficients. An unusual method of using the
Wolfram Mathematica was applied.
PACS numbers: 31.15.-p, 31.15.A-, 31.15.xj, 03.65.Ge
1
I. INTRODUCTION
In our paper [2] the various components of the angular Fock coefficients (AFC) were
derived in the form of the one-dimensional series with fast convergence. In particular, the
solution of the individual Fock recurrence relation (see Eq.(C1))
(
Λ2 − 32)ψ(2d)4,1 = h(2d)4,1 (1)
was represented by the subcomponent
ψ
(2d)
4,1 (α, θ) =
∞∑
l=0
Pl(cos θ)(sinα)
ltl(α), (2)
where Pl(z) is the Legendre polynomial. Treating r1, r2 and r12 as the interparticle coordi-
nates the hyperspherical angles α and θ are defined as
α = 2 arctan (r2/r1) , θ = arccos
[
(r21 + r
2
2 − r212)/(2r1r2)
]
. (3)
The hyperspherical angular momentum operator reads (see Eq.(5) [2])
Λ2 = − 4
sin2 α
(
∂
∂α
sin2 α
∂
∂α
+
1
sin θ
∂
∂θ
sin θ
∂
∂θ
)
, (4)
and the right-hand side (rhs) of Eq.(1) is (see, Eqs.(C2), (C3) [2])
h
(2d)
4,1 (α, θ) =
∞∑
l=0
Pl(cos θ)(sinα)
lhl(α), (5)
where
hl(α) =
pi − 2
3pi(2l − 1)2l
[
sin
(α
2
)
+ cos
(α
2
)]
×[
5
(2l − 3) sinαFl,3(α)−
(
1− 2
sinα
)
Fl,1(α)− (2l − 1)Fl,−1(α)
]
. (6)
Definition
Fl,ν(α) = 2F1
(
l
2
− ν
4
,
l
2
− ν
4
+
1
2
; l +
3
2
; sin2 α
)
(7)
was used for the Gauss hypergeometric function in the rhs of Eq.(7).
It was shown in [2] that functions τl(ρ) ≡ tl(α) with ρ = tan(α/2) represent the physical
solution of equation
(
1 + ρ2
)2
τ ′′l (ρ) + 2ρ
−1
[
1 + ρ2 + l(1 − ρ4)] τ ′l (ρ) + 4(2− l)(l + 4)τl(ρ) = −hl(ρ), (8)
2
were (see Eq.(C6) [2])
hl(ρ) ≡ hl(α) = −(pi − 2)(ρ+ 1) (ρ
2 + 1)
l−1
3pi(2l − 1)(2l + 3)2l+1 ×[
15− 4l(l + 1)(4l + 11)
(2l − 3)(2l + 5)ρ + 4l(2l + 3) + 2ρ+ 4(l + 1)(2l − 1)ρ
2 +
(2l − 1)(4l + 5)ρ3
2l + 5
]
. (9)
The physical solutions of Eq.(8) for l = 0, 1, 2 were presented in [2] by Eqs.(94)-(96), respec-
tively. Putting A1 = 0 in Eq.(C17) [2], one obtains the physical solution of Eq.(8) for l > 2
in the form
τl(ρ) = τ
(p)
l (ρ) + A2v4l(ρ), (l ≥ 3) (10)
where the particular solution τ
(p)
l of the differential equation (8) can be obtained by Eq.(45)
[2] with k = 4. This gives
τ
(p)
l (ρ) =
1
2l + 1
[u4l(ρ)Vl(ρ)− v4l(ρ)Ul(ρ)] , (11)
where
Vl(ρ) =
∫ ρ
0
v4l(t)hl(t)t
2l+2(1 + t2)−2l−3dt, (12)
Ul(ρ) =
∫ ρ
1
u4l(t)hl(t)t
2l+2(1 + t2)−2l−3dt. (13)
The solutions of the homogeneous equation associated with Eq.(8) is defined by Eq.(46)[2]
for k = 4, which yields
u4l(ρ) = ρ
−2l−1(ρ2 + 1)l+4 2F1
(
7
2
, 3− l; 1
2
− l;−ρ2
)
, (14a)
v4l(ρ) = (ρ
2 + 1)l+4 2F1
(
7
2
, 4 + l; l +
3
2
;−ρ2
)
. (14b)
II. DERIVATION OF THE EXPLICIT REPRESENTATION FOR THE PARTIC-
ULAR SOLUTION τ
(p)
l
To solve the problem mentioned in the title of this Section, it would be useful, first of
all, to express the solutions u4l(ρ) and v4l(ρ) of the homogeneous equation through the
elementary functions. It is seen from Eq.(14a) that for l ≥ 3, we can write down
u4l(ρ) =
8(l − 3)!(1 + ρ2)l+4
15
√
piΓ(l + 1/2)ρ2l+1
l−3∑
m=0
(−1)mΓ(m+ 7/2)Γ(l−m+ 1/2)
m!(l −m− 3)! ρ
2m. (15)
The well-known formula (7.3.1.140)[3] was applied.
3
Solution of the problem for v4l(ρ), defined by Eq.(14b), is more complicated. Making use
of the relation (7.3.1.9) [3] for m = l − 3 (alternatively, one can apply [4]), and subsequent
application of the transformation (7.3.1.3) [4] (alternatively, one can apply [5]) yields
2F1
(
7
2
, l + 4; l +
3
2
;−ρ2
)
=
16Γ(l + 3/2)
105
√
piρ2(l−3)(1 + ρ2)7
l−3∑
p=0
(−1)p
p!(l − p− 3)!
× 2F1
(
1, l − p+ 4; 9
2
;
ρ2
1 + ρ2
)
. (16)
Next step is application of the relation (7.3.1.132) [3] or the Wolfram Function Site [6] to
the Gauss Hypergeometric Functions in the rhs of Eq.(16). This gives
2F1
(
1, l − p+ 4; 9
2
;
ρ2
1 + ρ2
)
=
7Γ(l − p+ 1/2)
2(l − p+ 3)!
{
15(1 + ρ2)l−p+4
8ρ8
×[
2ρ√
pi
arctan(ρ)−
3∑
m=1
(m− 1)!
Γ(m+ 1/2)
(
ρ2
1 + ρ2
)m]
+
l−p−1∑
m=0
(l − p−m+ 2)!
Γ(l − p−m+ 1/2)(1 + ρ
2)m+1
}
. (17)
Inserting Eqs.(16)-(17) into Eq.(14b), one obtains the following representation for the second
solution of the homogeneous equation:
v4l(ρ) =
Γ(l + 3/2)√
pi
(
1 + ρ2
ρ2
)l−3 l−3∑
p=0
(−1)pΓ(l − p+ 1/2)
p!(l − p− 3)!(l − p+ 3)!
{
(1 + ρ2)l−p+4
ρ8
×
[
2ρ√
pi
arctan(ρ)−
3∑
m=1
(m− 1)!
Γ(m+ 1/2)
(
ρ2
1 + ρ2
)m]
+
8
15
l−p−1∑
m=0
(l − p−m+ 2)!
Γ(l − p−m+ 1/2)(1 + ρ
2)m+1
}
. (18)
To derive the analytic representation for the particular solution τ
(p)
l , one needs to find
analytic representations for the integrals (12) and (13) included into the rhs of Eq.(11). To
this end, first of all, let us present the rhs of Eq.(8) (defined by Eq.(9)) in the compact form
hl(t) = a0l(t+ 1)(t
2 + 1)l−1
5∑
n=1
anlt
n−2, (19)
where
a0l = − (pi − 2)2
−l−1
3pi(2l − 1)(2l + 3) , a1l =
15− 4l(l + 1)(4l + 11)
(2l − 3)(2l + 5) , a2l = 4l(2l + 3),
a3l = 2, a4l = 4(l + 1)(2l − 1), a5l = (2l − 1)(4l + 5)
2l + 5
. (20)
Inserting representations (15) and (19) into the rhs of Eq.(13), and performing the trivial
4
integration, one obtains
Ul(ρ) = a0l 8(l − 3)!
15
√
piΓ(l + 1/2)
l−3∑
m=0
Γ(m+ 7/2)Γ(l−m+ 1/2)(−1)m
m!(l −m− 3)! ×
5∑
n=1
anl
(
ρ2m+n − 1
2m+ n
+
ρ2m+n+1 − 1
2m+ n + 1
)
. (21)
Using Eq.(14b) and Eqs.(19)-(20) it is convenient to present Eq.(12) in the form
Vl(ρ) = a0l
5∑
n=0
bn,l
∫ ρ
0
t2l+n+1 2F1
(
7
2
, l + 4; l +
3
2
;−t2
)
dt, (22)
where
b0,l = a1l, b5,l = a5l, bj,l = ajl + aj+1l (j = 1, 2, 3, 4). (23)
Making use of the relation (1.16.1) [3] or the the Wolfram Functions Site [7] with a = 7/2, b =
l + 4, c = l + 3/2, α = l + (p+ 1)/2, z = t2 yields
Vl(ρ) = a0l
5∑
n=0
(
bn,l
2l + n+ 2
)
ρ2l+n+2 3F2
(
7
2
, l + 4, l + 1 +
n
2
; l +
3
2
, l + 2 +
n
2
;−ρ2
)
.
(24)
The latter relation gives the representation of the integral (12) through the generalized
hypergeometric functions.
It can be useful to obtain the representation of the integral (12) through the Gauss
hypergeometric functions. To this end, one can apply the relation (7.4.1.2) [3] or the Wolfram
Functions Site [8]. A simple subsequent reorganization of summation along with application
of the linear transformation (7.3.1.4) [3] gives finally
Vl(ρ) = 4a0lΓ(l + 3/2)
15
√
pi
ρ2l+3
2∑
m=0
m!
(1 + ρ2)5−m
m∑
k=0
Γ(k + 7/2)
k!(m− k)!Γ(k + l + 3/2)
(
− ρ
2
1 + ρ2
)k
×[
(k + l + 3)!Γ(l +m+ 3/2)
(l + 3)!Γ(k + l +m+ 5/2)
b2m+1,lρ
2m
2F1
(
l +m− 1, m− 3
2
; k + l +m+
5
2
;−ρ2
)
+
b2(2−m),l
k + l −m+ 3ρ
3−2m
2F1
(
l − 2, m− 3
2
; k + l +
3
2
;−ρ2
)]
. (25)
Now we shall show that the Gauss hypergeometric functions included into Eq.(25), in its
turn, can be expressed through the elementary functions. Use of the relation (7.3.1.10) [3]
or the Wolfram Functions Site [9] with n = l − 3, and subsequent application of the linear
5
transformation (7.3.1.3) [3] gives
2F1
(
l − 2, m− 3
2
; k + l +
3
2
;−ρ2
)
=
(−ρ2)3−l (k + 9
2
)
l−3
1 + ρ2
×
l−3∑
p=0
(−1)p
p!(l − p− 3)! 2F1
(
1, k + p+ 6−m; k + 9
2
;
ρ2
1 + ρ2
)
. (26)
In its turn, using (7.3.1.10) [3] or the Wolfram Functions Site [9] with n = l +m − 2, and
then applying (7.3.1.3) [3], one obtains
2F1
(
l +m− 1, m− 3
2
; k + l +m+
5
2
;−ρ2
)
=
(
k + 9
2
)
l+m−2
(1 + ρ2) (−ρ2)l+m−2 ×
l+m−2∑
p=0
(−1)p
p!(l +m− p− 2)! 2F1
(
1, k + p+ 6−m; k + 9
2
;
ρ2
1 + ρ2
)
. (27)
Finally, application of the relation (7.3.1.132) [3] or the Wolfram Functions Site [6] yields:
2F1
(
1, k + p+ 6−m; k + 9
2
;
ρ2
1 + ρ2
)
=
Γ(k + 9/2)Γ(p−m+ 5/2)(1 + ρ2)k−m+p+6
pi(k −m+ p + 5)!ρ2(k+4) ×[
2ρ arctan(ρ)−√pi
k+3∑
s=1
(s− 1)!
Γ(s+ 1/2)
(
ρ2
1 + ρ2
)s]
+
2k + 7
2(k −m+ p+ 5)
p−m+1∑
s=0
(−1)s (m− p− 3
2
)
s
(1 + ρ2)s+1
(k −m+ p− s+ 5)s
, (28)
where (a)n is the Pochhammer symbol. Thus, Eqs.(25)-(28) give the representation of the
integral (12) through the rational functions and the arctangent of ρ. Finally, Eqs.(25)-(28)
together with Eqs.(15), (18) and (21) give the partial solution τ
(p)
l in terms of elementary
functions.
III. SIMPLE REPRESENTATION FOR A2-COEFFICIENT
In the work [2] (see Appendix C) the coefficient A2 ≡ A2(l) included into the physical
solution (10), was derived in general but very complicated (integral) form. In particular,
A2(l) =
1
P2(l)
[
(pi − 2)2−3(l+2)
3pi(2l − 1)(l − 2)(l + 4)P3(l)−P1(l)
]
, (29)
where
P1(l) =
∫ 1
0
τ
(p)
l (ρ)
ρ2l+2
(1 + ρ2)2l+3
dρ, (30)
6
P2(l) =
∫ 1
0
v4l(ρ)
ρ2l+2
(1 + ρ2)2l+3
dρ =
√
pi 2−2(l+2)Γ (l + 3/2)
Γ(l/2 + 3)Γ(l/2)
, (31)
P3(l) = − 2
l+1
(l + 3)(2l − 3)(2l + 3)(2l + 5) ×{
30
l + 1
− 26
l + 2
+ 13− 4l [47− 2l(2l(l + 3)− 9)] + 2l+1×[
(l + 1) [4l(l(4l + 3)− 17) + 45]B 1
2
(
l +
3
2
,
1
2
)
+ 8l [l(l(4l(l + 4) + 3)− 56)− 62]B 1
2
(
l +
3
2
,
3
2
)]}
,
(32)
with the incomplete beta function denoted by Bz(a, b). It is seen that even P3(l) can not be
called simple. However, the coefficient P1(l) can be indeed called very complicated.
The Mathematica calculation of the coefficients A2(l) for any integer l ≥ 3 shows that
1) for odd values of l the coefficients A2(l) equal zero;
2) for even values of l the coefficients A2(l) are reduced to the form
A2(l) =
2− pi
pi2
A(l), (33)
with A(l) = (al+pibl) where al and bl are rational numbers. Using the effective Mathematica
code, we have calculated the rational numbers al and bl from l = 4 up to l = 60 (with step
equals 2). Making use of the Mathematica operator FindSequenceFunction it is possible
to find the general simple form of the coefficients al and bl. One should emphasize, that
for a given sequence there is a minimal number of terms to enable Mathematica to find
the formula of the general term. In particular, for the coefficients al and bl these minimal
numbers are 10 and 26, corresponding to l = 4, 6, 8, ...22 and l = 4, 6, 8, ...54 , respectively.
Thus, application of the Mathematica operator FindSequenceFunction to the sequences
mentioned above yields:
A(l) =
√
pi
360l(l − 2)Γ(l + 1
2
)
×{
[l(l + 1)(688l4 + 1376l3 − 2480l2 − 3168l + 465) + 450] Γ ( l−1
2
)
Γ
(
l+1
2
)
(2l − 3)(2l − 1)(2l + 1)(2l + 3)(2l + 5) −
56
l − 1
(
l
2
!
)2}
. (34)
It is worth noting that inserting Eq.(11) into the rhs of Eq.(10) and using (21), one can
represent the physical solution in the form
τl(ρ) =
1
2l + 1
u4l(ρ)Vl(ρ) + [Bl,0 +Bl,1(ρ)] v4l(ρ), (35)
7
where
Bl,0 = A2(l) +
8(l − 3)!a0l
15
√
pi(2l + 1)Γ
(
l + 1
2
) l−3∑
m=0
Γ
(
m+ 7
2
)
Γ
(
l −m+ 1
2
)
(−1)m
m!(l −m− 3)! ×
5∑
n=1
anl
(
1
2m+ n
+
1
2m+ n+ 1
)
, (36)
Bl,1(ρ) = − 8(l − 3)!a0l
15
√
pi(2l + 1)Γ
(
l + 1
2
) l−3∑
m=0
Γ
(
m+ 7
2
)
Γ
(
l −m+ 1
2
)
(−1)m
m!(l −m− 3)! ×
5∑
n=1
anl
(
ρ2m+n
2m+ n
+
ρ2m+2n+1
2m+ n+ 1
)
. (37)
Given that A2(l) equals zero for odd l, one can derive a simple expression for Bl,0 with
even l. A simple way to solve the problem is to make use of the method, which was
applied earlier in order to find the coefficients A(l). Like the latter coefficients, Bl,0 have
a form [(2 − pi)/pi2](a˜l + pib˜l), where a˜l and b˜l are rational numbers. Thus, calculating a˜l
and b˜l (for even l ≥ 4) according to Eq.(36), and then using the Mathematica operator
FindSequenceFunction, one finds
Bl,0 =
2− pi
360pi3/2(l − 1)
[√
pi (40l4 − 56l3 + 11l2 − 53l + 30)
2l−1l(l − 2)(2l − 3)(2l− 1) −
7l
(
l
2
− 2)! ( l
2
− 1)!
Γ
(
l + 1
2
) ] . (38)
The minimal length of a sequence enables the Mathematica operator FindSequenceFunc-
tion to find a simple function that yields the sequences a˜l and b˜l are 10 and 20, corresponding
to l = 4, 6, 8, ...22 and l = 4, 6, 8, ...42, respectively.
IV. SUBCOMPONENT ψ
(2c)
3,0 : SIMPLE REPRESENTATION FOR COEFFICIENT
cl
The last subcomponent we have presented in [2] (see Eq.(98)) was
ψ
(2c)
3,0 (α, θ) =
∞∑
l=0
Pl(cos θ)(sinα)
lφl(ρ). (39)
It is the physical solution of the individual Fock recurrence relation (see Appendix D [2])
(
Λ2 − 21)ψ(2c)3,0 = h(2c)3,0 (40)
8
with the rhs of the form
h
(2c)
3,0 =
∞∑
l=0
Pl(cos θ)(sinα)
lhl(α), (41)
where
hl(α) ≡ hl(ρ) = 2
1−l (ρ2 + 1)
l+ 1
2 [(1− 2l)ρ2 + 2l + 3]
3(2l− 1)(2l + 3)ρ . (42)
Function φl(ρ) as the solution of the inhomogeneous differential equation(
1 + ρ2
)2
φ′′l (ρ) + 2ρ
−1
[
1 + ρ2 + l(1− ρ4)]φ′l(ρ) + (3− 2l)(7 + 2l)φl(ρ) = −hl(ρ) (43)
was derived in the form (see Eq.(99) [2])
φl(ρ) = φ
(p)
l (ρ) + clv3l(ρ), (44)
where (see Eqs.(100) [2])
v3l(ρ) =
(
ρ2 + 1
)l− 3
2
[
(2l − 3)(2l − 1)
(2l + 3)(2l + 5)
ρ4 +
2(2l − 3)
2l + 3
ρ2 + 1
]
. (45)
The particular solution φ
(p)
l of the equation (43) was represented in the form (see Eqs.(101)-
(104) [2])
φ
(p)
l (ρ) =
2−l (ρ2 + 1)
l− 3
2
3(2l − 3)(2l − 1)(2l + 3)(2l + 5)
[
2f1l(ρ) +
2f2l(ρ) + f3l(ρ)
2l + 1
]
, (46)
where
f1l(ρ) = [9− 4l(l + 2)] ρ+
(
13− 4l2) ρ3, (47)
f2l(ρ) =
[
(2l − 3)(2l − 1)ρ4 + 2(2l − 3)(2l + 5)ρ2 + (2l + 3)(2l + 5)] arctan(ρ), (48)
f3l(ρ) = −
[
(2l + 3)(2l + 5)ρ4 + 2(2l − 3)(2l + 5)ρ2 + (2l − 3)(2l − 1)]×
ρ
l + 1
2F1
(
1, l + 1; l + 2;−ρ2) . (49)
It was shown (see appendix D [2]) that the coefficient cl included into solution (44) can be
calculated as follows:
cl =
M1(l)−M2(l)
M3(l) , (50)
where
M1(l) = 2
−3l−2l!
√
pi
3(2l − 3)(2l − 1)(2l + 7)Γ(l + 3/2) 3F2
(
2l − 1
4
,
2l + 1
4
, l + 1; l +
3
2
, l +
3
2
; 1
)
,
(51)
9
M3(l) ≡
∫ 1
0
v3l(ρ)
ρ2l+2
(ρ2 + 1)2l+3
dρ =
2−l−
3
2 (2l + 1)
(2l + 3)(2l + 7)
. (52)
M2(l) ≡
∫ 1
0
φ
(p)
l (ρ)
ρ2l+2
(ρ2 + 1)2l+3
dρ. (53)
It is seen that according to Eqs.(50)-(53) the coefficient cl is represented by very complicated
function of l. However, Mathematica calculations with any given integer l ≥ 0 show that
the parameter cl has a form c0,l+ c1,lpi+ c2,l ln 2 where ci,l (i = 0, 1, 2) are rational numbers.
Using the Mathematica operator FindSequenceFunction, one obtains the following simple
result
cl =
2l + 1− (pi/2)− Φ(−1, 1, l + 1)
3(2l − 3)(2l− 1)(2l + 1)2l , (54)
where Φ(z, s, a) is the Lerch transcendent. Note that for the case under consideration we
have
Φ(−1, 1, l + 1) = 1
2
[
ψ
(
l
2
+ 1
)
− ψ
(
l
2
+
1
2
)]
=
1
2
(
H l
2
−H l−1
2
)
, (55)
where ψ(z) and Hz are the digamma function and harmonic number, respectively.
The minimal length of a sequence enables the Mathematica to find a simple function that
yields the sequence c0,l is 22, whereas for c1,l and c2,l it equals 6.
Warning: There is the following (software) bug in the Mathematica version 10.3.
The action of the Mathematica operators FullSimplify or FunctionExpand on the
generalized hypergeometric function
3F2
(
2l − 1
4
,
2l + 1
4
, l + 1; l +
3
2
, l +
3
2
; 1
)
with any given integer l produces a meaningless expression. One should emphasize that the
previous Mathematica versions, e.g., 10.0 or 9.0 give the correct results. For example, for
l = 2, one obtains:
l := 2;
FunctionExpand
[
HypergeometricPFQ
[{
2l − 1
4
,
2l + 1
4
, l + 1
}
,
{
l +
3
2
, l +
3
2
}
, 1
]]
=
2
49
(−352 + 254
√
2).
10
Notice that the considered generalized hypergeometric function is included into Eq.(51).
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